A Roman domination function on a graph G is a function r : V (G) → {0, 1, 2} satisfying the condition that every vertex u for which f (u) = 0 is adjacent to at least one vertex v for which f (v) = 2. The weight of a Roman function is the value r(V (G)) = u∈V (G) r(u). The Roman domination number γ R (G) of G is the minimum weight of a Roman domination function on G . "Roman Criticality" has been defined in general as the study of graphs were the Roman domination number decreases when removing an edge or a vertex of the graph. In this paper we give further results in this topic as well as the complete characterization of critical graphs that have Roman Domination number γ R (G) = 4.
Introduction
According to [1] , the Emperor Constantine the Great in the fourth century A.D. decreed that for the defense of the cities in the empire, any city without a legion stationed, must have a neighbor city having two stationed legions to secure it. A classical strategy problem, of course, is to minimize the total number of legions needed. It becomes very natural to generalize the problem to arbitrary graphs. Several studies and interesting results have been done in this topic, see for instance [1] and [3] for basic properties on Roman domination functions, and for an excellent motivation on the topic see [4] and [5] . Recently in [2] the authors studied Roman criticality on Roman domination functions giving some results on critical block graphs and critical trees. Herein, we give some characterizations for some properties on vertex Roman critical graphs, edge Roman critical graphs and saturated Roman graphs with a slight difference on the definitions given in [2] . Furthermore, we present a full characterization of these graphs when the minimal Roman number is four.
Characterizing Roman critical graphs
Let G = (V (G), E(G)) be a simple graph of order n, this is, a graph without loops and multiple edges and with |V (G)| = n. Let V (G) and E(G) denote, as usual, the sets of vertices and edges respectively. The degree of a vertex v, deg (v) , is the number of edges in E(G) incident to it. We denote by N G [v], or just N [v] the closed neighborhood of a vertex v in G. As usual, G\{v} denotes the graph which is obtained by removing vertex {v} together with all edges containing it. Definition 2.1. A function r : V (G) → {0, 1, 2} is a Roman domination function if for every u ∈ V (G) such that r(u) = 0, then there is a vertex v adjacent to u so that r(v) = 2. The weight of a Roman domination function is the value r(V (G)) = u∈V r(u). The Roman domination number of a a graph G, denoted by γ R (G) is the minimum weight of all possible Roman domination functions on G.
If a Roman function r holds that γ R (X) = v∈V (G) r(v) we say that r is a minimal Roman domination function.
Given a graph G and a Roman domination function r : V (G) → {0, 1, 2} let P := (V 0 ; V 1 ; V 2 ) be the order partition of V (G) induced by r, where V i = {v ∈ V (G) | r(v) = i} is called a Roman partition. Clearly there is a one to one correspondence between Roman functions r : V (G) → {0, 1, 2} and Roman partitions (V 0 ; V 1 ; V 2 ). Then, we may denote r = (V 0 ; V 1 ; V 2 ).
Observe that If
The previous definition was given in [2] as γ R -edge critical, however we believe that Roman saturated is a better name for this type of graphs.
The following useful lemma was proved in [2] ,
Cycles. Let C n by a cycle of length n. Then, C n is v-critical if and only if n = 1, 2 mod(3). Moreover, if n = 3k + 1, then γ R (C n ) = 2k + 1 and if n = 3k + 2, then γ R (C n ) = 2k + 2.
In particular, the cycle of length 5, C 5 , is an example of a nonelementary v-critical graph with γ R (G) = 4.
The following proposition gives a characterization of nonelementary graphs. Proposition 2.6. A graph G is nonelementary if and only if there is a connected component with at least 3 vertices. In particular, if |V (G)| ≥ 3 and G is connected, then it is nonelementary.
Proof. Let C be a connected component of G with at least 3 vertices. Then, there is a vertex v with deg(v) ≥ 2. Consider two edges [v, w] , [v, u] . Thus, labelling r(v) = 2, r(w) = 0, r(u) = 0 and r(x) = 1 for every x = u, v, w we obtain that γ R (G) < |V (G)|. If G is nonelementary, then there is some Roman domination function r, some vertex v with r(v) = 2 and at least two vertices adjacent to v labelled by 0. Therefore, the connected component containing v has at least 3 vertices.
The following proposition was also shown in [2] . Proposition 2.7. A graph G = (V (G), E(G)) is Roman saturated if and only if for every pair of vertices v, w such that [v, w] ∈ E(G) there exists a minimal Roman partition (V 0 ; V 1 ; V 2 ) such that v ∈ V 1 and w ∈ V 2 or w ∈ V 1 and v ∈ V 2 .
Hence, it makes sense to define e-critical graphs as follows:
is Roman critical on the edges or e-critical if for every edge e ∈ E(G) the graph
) is e-critical if and only if for every edge e there exists a vertex v e such that for any minimal Roman partition
Proof. If G is e-critical and e ∈ E(G), by 2.8, G\{e} is not v-critical, this is, there exists v e such that γ R ((G\{e})\{v e }) = n while γ R (G\{v e }) = n − 1. Then, for any Roman partition of G\{v e }, P = (V 0 ; V 1 ; V 2 ), with γ R (G\{v e }) = n − 1 (in particular, for any Roman partition of
Now, consider any e ∈ E(G) and let v e be such that for any minimal Roman
and if e = [v, w] with v ∈ V 0 then w is the only vertex in V 2 which is adjacent to v. Hence, P is not Roman for G\{e}. Thus, there is no Roman partition P = (V 0 ; V 1 ; V 2 ) on G\{e} with v e ∈ V 1 and γ(P ) = n. Hence, by Lemma 2.4, G\{e} is not v-critical.
3 Roman domination number 4.
It is immediate to check that the only elementary v-critical graphs with
Lemma 3.1. Let G be a nonelementary graph with γ R (G) = 4. Then, G is vcritical if and only if for every x ∈ V (G) there exist two vertices a x , b x so that
Since it is nonelementary, |V (G)\{x}| > 3 and hence, there are two vertices y, z ∈ V (G)\{x} so that r x (y) = 2 and r x (z) = 1.
Then, let a x = y and 
Proof. It suffices to apply again the proposition to a x . There are edges from a x to every vertex different from x, b x . Therefore, a ax ∈ {x, b x }.
Then, lemma 3.1 implies the following useful Theorem. Theorem 3.1. Let G be a nonelementary graph of order n and Roman domination number γ R (G) = 4. Then, G is v-critical if and only if for every x ∈ V (G) there exists a nonadjacent vertex a x with deg(a x ) = n − 3.
The following Proposition establishes that in a v-critical graph with Roman domination number four at least half of the vertices have degree n − 3.
Proof. By Theorem 3.1 we know that there is at least one vertex, a 1 such that deg(a 1 ) = n − 3. Then, there are exactly two vertices x 1 , y 1 so that N [a 1 ] = V (G)\{x 1 , y 1 }. Consider any point x 2 ∈ {x 1 , y 1 }. By the proof of Theorem 3.1 there is some vertex a 2 such that N [a 2 ] = V (G)\{x 2 , y 2 } for some y 2 (not necessarilly different from x 1 , y 1 ). Since x 2 ∈ {x 1 , y 1 }, then a 2 = a 1 and |{x 1 , y 1 , x 2 , y 2 }| ≤ 4 . Then, we consider some vertex x 3 ∈ {x 1 , y 1 , x 2 , y 2 } and repeat the process until {x 1 , y 1 
and a 1 , ..., a k are k different vertices with degree n − 3. Example 3.5. Consider a cicle, C n , of length n ≥ 5 were the vertices V (C n ) are ordered in the natural way by x 1 , ..., x n , and x i , x i+1 ∈ E(C n ) for every i = 1, . . . , n, (mod n). As we already know, if n = 5 γ R (C 5 ) = 4 and it is critical. Assume n ≥ 6 let us define X n by attaching some extra edges to C n so that, for every vertex Proof. If G\{v} has two connected components with at least two vertices, then γ R (G\{v}) ≥ 4 and, therefore, G is not v-critical. 
Proof. Suppose v, w with deg(v), deg(w) < n − 3 and [v, w] / ∈ E(G). Let G = (V (G), E(G) ∪ [v, w]).
Clearly, every vertex in G has degree less or equal than n − 3 then by Remark 2.1, γ R (G ) > 3 and G is not Roman saturated. Assume that for any pair of vertices
for some v, w ∈ V (G). Then one of them, say v, satisfies that deg(v) ≥ n − 3 in G . Thus, again by Remark 2.1, γ R (G) = 3. Lemma 3.9. Let G = (V (G), E(G)) be a nonelementary Roman saturated vcritical graph of order n and γ R (G) = 4. If
Proof. Let V (G) = {v 1 , v 2 , . . . , v n } and assume V 1 = {v 1 , ..., v k }. By Proposition 3.8, and Remark 2.1 we know that for all v r , v s with r, s > k then [v r , v s ] ∈ E(G). Therefore, since deg(v j ) < n − 3 for every j > k, there are at least three vertices
Also, by Corolary 3.2, every v i with i ≤ k is joined at most to k − 2 vertices in V 1 . Hence, there is at most one vertex v j with j > k such that [v i , v j ] ∈ E(G). Therefore, given v j , v j 1 , v j 2 , v j 3 with the condition above, v j i = v j i for any j = j or i = i . Thus, k ≥ 3(n − k) and k ≥ Recall that G is Roman critical on the edges or e-critical if for every edge e the graph G \ {e} is not v-critical. Proposition 3.11. A nonelementary v-critical graph G = (V (G), E(G)) with γ R (G) = 4 is e-critical if and only if for every edge e ∈ E(G) there is a vertex v e ∈ V (G) such that every vertex with degree n − 3 nonadjacent to v e is a vertex contained in e.
Proof. Suppose G is e-critical. Then, for every edge e there is some v e such that γ R (G\{e}\{v e }) = 4. Let w be a vertex with deg G (w) = n−3 and [v e , w] ∈ E(G). Then, N [w] = G \ {v e , y} for some vertex y. Let r w : V (G)\{v} → {0, 1, 2} such that r w (w) = 2, r w (y) = 1 and r w (x) = 0 for every x ∈ V (G)\{v e , w, y}. Since γ R (G \ {e} \ {v}) = 4, it follows that r w is not Roman on G \ {e}, this is, there is a vertex labelled with 0 which is not adjacent to w on G \ {e}. Thus, for some x ∈ V (G) \ {v e , y, w} we obtain e = [w, x]. Now suppose that for an edge e ∈ E(G) there is a vertex v e ∈ V (G) such that every vertex w with degree n − 3 nonadjacent to v e is a vertex contained in e. Let us see that G \ {e} is not v-critical. Let r be any Roman function on G\{e, v e } such that v∈V (G)\{ve} r(v) = 3. Then, r(w) = 2 for some vertex w nonadjacent to v e with deg G (w) = n − 3. Let N [w] = G\{v e , y} in G. It is also necessary that r(y) = 1 since y is not adjacent to w. Finally, by hypothesis, e = [w, w ] for some vertex w (obviously different from v e , y). But then, since r is a Roman function on G\{e, v e }, then r(w ) = 1 and v∈V (G)\{ve} r(v) ≥ 4 leading to contradiction.
Remark 3.12. There is an infinite family of different v-critical and e-critical graphs. Consider the familly {X n | n ≥ 5} described in Example 3.5. For each n, consider X n = X by removing one edge so that X i n is again v-critical until X kn n is e-critical (since X n is nonelementary, by Lemma 2.8, there is always such a k n ). Since for each n |V (X n )| = n, the graphs in {X kn n | n ≥ 5} are all different from each other. Proposition 3.13. Let G = (V (G), E(G)) be a nonelementary v-critical, e-critical and Roman saturated (simple) graph with γ R (G) = 4. Let
and there is a cut vertex.
Proof. Claim: |V 2 | ≤ 1. Otherwise, suppose there exist at least two vertices v r , v s ∈ V 2 . By Proposition 3.8, for all v r , v s ∈ V 2 , e = [v r , v s ] ∈ E(G). By Proposition 3.11, there is a vertex v e ∈ V (G) such that for every v ∈ V 1 , either v = v r , v = v s or v is adjacent to v e . In this case, since v r , v s ∈ V 2 , every v ∈ V 1 \{v e } is adjacent to v e . However, by Theorem 3.1, there exists some vertex a ve = v e in V 1 such that a ve is not adjacent to v e leading to contradiction. Therefore, |V 2 | ≤ 1.
Claim: If |V 2 | = 1, then deg(v n ) = 1 and there is a cut vertex. Suppose n − k = 1 and deg(v n ) ≥ 2. There is no loss of generality if we assume that Figure 4 . Let us assume that v e 1 = v 1 and v e 2 = v 2 . Hence,
Let us apply again Proposition 3.11 for e 3 . Then, there is some vertex v e 3 such that for every
Let us distinguish the following three cases:
• If v e 3 = v n , then v n is adjacent to every vertex v = v 1 , v 2 and deg(v n ) = n−3 which is a contradiction.
•
. Therefore, deg(v e 3 ) ≥ 1 + 1 + n − 4 = n − 2 which implies that γ R (G) = 3 leading to contradiction.
• Let v e 3 = v n and [v e 3 , v n ] ∈ E(G). Then v e 3 = v n−1 , v n−2 and, therefore,
. Thus, v e 3 is adjacent to every vertex v = v n , v e 3 and deg(v e 3 ) = n − 2 which implies that γ R (G) = 3 leading to contradiction.
Thus, there is a unique edge incident to v n , let's say [v n−1 , v n ], and v n−1 is a cut vertex.
Suppose k = n, this is, deg(v) = n − 3 for every v ∈ V (G). Consider all the edges incident to v 1 : e 1 , ..., e n−3 and let e i = [v 1 , w i ], i = 1, n − 3). Then, by 
But since deg(v 1 ) = n − 3, it follows that n − 3 ≤ 2 and n ≤ 5. Since we assumed that G is nonelementary then n = 5 and deg(v i ) = 2 for every 1 ≤ i ≤ n. 
Let us assume with no loss of generality that
Corollary 3.14. C 5 is the unique nonelementary (simple) graph, G, with γ R (G) = 4 which is v-critical, e-critical and Roman saturated with no cut vertices.
For any even number n ≥ 6, let us denote by Notice that for every Proof. Since deg(v i ) = n − 3 for every i = n it follows immediately that:
G is v-critical by Theorem 3.1;
G is Roman saturated.
To check that G is e-critical, by Proposition 3.11, it suffices to find for every edge e = [x, y] a vertex v e which is adjacent to every vertex in {v 1 , ..., v n−1 }\{x, y}.
For the rest of the edges, note that if v 2j−1 ∈ e, then v 2j / ∈ e and v 2j is adjacent to every vertex in {v 1 , ..., v n−1 }\{v 2j−1 } and if v 2j ∈ e, then v 2j−1 / ∈ e and v 2j−1 is adjacent to every vertex in {v 1 , ..., v n−1 }\{v 2j } for every 2 ≤ j ≤ Proof. In the case |V 2 | = 0 from the proof of Proposition 3.14, G = C 5 . Now, let us see that the case |V 2 | = 1 implies that n > 5 is even and, up to relabelling the vertices, G = D n .
As we saw, there is a unique edge incident to v n , [v n , v n−1 ]. Since deg(v n−1 ) = n − 3 then there are two vertices, let's say v 1 , v 2 such that N [v n−1 ] = G\{v 1 , v 2 } and for every 3 ≤ j ≤ n − 2, [v j , v n−1 ] ∈ E(G). Since deg(v 1 ) = deg(v 2 ) = n − 3, and [v r , v k ] ∈ E(G) for r = 1, 2 and k = n, n − 1, it follows that {[v r , v j ] : r = 1, 2 and 3 ≤ j ≤ n − 2} ⊂ E(G). Finally, for every v i , deg(v i ) = n − 3 for every 3 ≤ i ≤ k. Therefore, for all 3 ≤ i ≤ n − 2 there is exactly one j = i, 3 ≤ j ≤ n − 2, such that [v i , v j ] ∈ E(G). In particular, we may assume, without loss of generality that these edges are {v 2j−1 , v 2j } with j = 2, n−2 2
. Thus, we obtain the graph D n .
Remark 3.17. There is an infinite family of v-critical, e-critical and Roman saturated (simple) graphs.
In the following characterization we prove that for an arbitrary graph G with γ R (G) = 4, the Roman criticality can be studied just by looking at small induced subgraphs. In fact, it suffices to check some properties on the induced subgraphs with 8 vertices to determine if the graph is v-critical, e-critical and Roman saturated. 
